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We investigate the validity of the generalized second law of thermodynamics, applying Barrow
entropy for the horizon entropy. The former arises from the fact that the black-hole surface may
be deformed due to quantum-gravitational effects, quantified by a new exponent ∆. We calculate
the entropy time-variation in a universe filled with the matter and dark energy fluids, as well as
the corresponding quantity for the apparent horizon. We show that although in the case ∆ = 0,
which corresponds to usual entropy, the sum of the entropy enclosed by the apparent horizon plus
the entropy of the horizon itself is always a non-decreasing function of time and thus the generalized
second law of thermodynamics is valid, in the case where quantum-gravitational corrections switch
on this is not true anymore, and the generalized second law of thermodynamics may be violated,
depending on the universe evolution.
PACS numbers: 95.36.+x, 98.80.-k
I. INTRODUCTION
There is a well known connection between black-hole
physics and thermodynamics. In particular, one can at-
tribute to a black hole a specific temperature and en-
tropy, which depend on the black-hole horizon [1]. In-
spired by this, an extension of this connection was pro-
posed, namely the conjecture of the “thermodynamics of
spacetime”, according to which one can apply thermo-
dynamics in the horizon of the universe. In particular,
thermodynamical laws are applied on the horizon itself,
considered as a system separated not by a diathermic
wall but by a causality barrier [2–4]. Thus, these laws
are interpreted in terms of area of local Rindler horizons
and energy flux, and heat is incorporated as energy that
flows through the causal horizon. Concerning the rela-
tions for temperature and entropy of the horizon, these
are given by the corresponding relations of black hole
thermodynamics, but with the universe horizon in place
of the black-hole horizon.
Applying the first law of thermodynamics on the ap-
parent horizon one can extract the Friedmann equations,
and reversely one can express the Friedmann equations
as the the first law [5–7]. This procedure proves to be
efficient both in general relativity as well as in a variety
of modified gravity theories, despite the fact that in the
latter theories the entropy relation is in general modified
[8–17]. Concerning the second law, which in black-hole
physics had been extended to the “generalized second law
of thermodynamics”, namely that the usual entropy plus
the black-hole horizon entropy is a non-decreasing func-
tion of time [18, 19], one can also apply it in the universe
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horizon and claim that the total entropy of the interior
of the universe plus the entropy of its horizon should
be a non-decreasing function of time [20]. Note that this
statement is proven to be always valid for general relativ-
ity, however it is not always the case in modified theories
of gravity and hence one can apply it in order to extract
constraints on them [14, 21–32].
Recently, Barrow [33] considered the case that
quantum-gravitational effects could bring about intri-
cate, fractal structure on the black hole surface and thus
changing its actual horizon area. This in turn leads to a
new black hole entropy relation, i.e.
SB =
(
A
A0
)∆+1
, (1)
where A is the usual horizon area and A0 the Planck
area. Note that the above extended entropy differs from
the usual “quantum-corrected” one with logarithmic cor-
rections [34, 35], however it resembles Tsallis nonexten-
sive entropy [36–38], nevertheless the involved physical
principles and foundations are radically different. The
quantum-gravitational deformation is quantified by the
new exponent ∆. The value ∆ = 0 corresponds to the
simplest horizon structure, and in this case we obtain
the standard Bekenstein-Hawking entropy, while ∆ = 1
corresponds to maximal deformation.
In the present work we are interested in examining the
validity of the generalized second law of thermodynamics,
but applying the Barrow entropy on the horizon instead
of the standard Bekenstein-Hawking one.
II. GENERALIZED SECOND LAW OF
THERMODYNAMICS
In this section we will apply the generalized second
law of thermodynamics in the universe using Barrow en-
2tropy. We consider a spatially homogeneous and isotropic
Friedmann-Robertson-Walker metric
ds2 = −dt2 + a2(t)δijdx
idxj . (2)
Additionally, we consider that the universe is filled with
matter and dark energy perfect fluids, with energy den-
sity and pressure ρDE , ρm and pDE , pm respectively (as
usual we do not take into account the black-hole forma-
tion inside the universe and its effect on entropy). Thus,
the two Friedmann equations are
H2 =
8piG
3
(ρm + ρDE) (3)
H˙ = −4piG (ρm + pm + ρDE + pDE) , (4)
with H = a˙/a the Hubble parameter and where a dot
denotes the derivative with respect to t. Note that
the aforementioned framework holds in general, indepen-
dently of the specific dark energy description. Finally,
the conservation of the total energy-momentum tensor
gives:
ρ˙DE+3H(1+wDE)ρDE+ ρ˙m+3H(1+wm)ρm = 0, (5)
where wi = pi/ρi denotes the equation-of-state param-
eter of the corresponding sector. We mention that the
above relation holds both in the usual case, as well as in
the case where the two sectors are allowed to mutually
interact.
Concerning the universe horizon, that will be the
boundary of the thermodynamical system, although in
the literature there have been discussed various choices,
there are many arguments that the appropriate one
should be the the apparent horizon, which is a marginally
trapped surface with vanishing expansion given by [39–
41]:
r˜A =
1√
H2 + k
a2
, (6)
where k quantifies the spatial curvature which is set to
zero in the present work. Hence, the first Friedmann
equation (3) becomes
1
r˜2A
=
8piG
3
(ρDE + ρm). (7)
We are going to investigate whether the sum of the en-
tropy enclosed by the apparent horizon plus the entropy
of the apparent horizon itself, is not a decreasing func-
tion of time. We will start by calculating the former and
then the latter.
In general, the apparent horizon r˜A is time-dependent.
Hence, a change dr˜A in time interval dt will bring about a
volume-change dV , while the energy and entropy of the
universe fluids will change by dE and dS respectively.
Now, the first law of thermodynamics applied in the uni-
verse is written as TdS = dE + PdV , and therefore the
dark-energy and dark-matter entropies read [42]:
dSDE =
1
T
(
PDEdV + dEDE
)
(8)
dSm =
1
T
(
PmdV + dEm
)
. (9)
Since the universe volume, bounded by the apparent hori-
zon, is V = 4pir˜3A/3, we obtain dV = 4pir˜
2
Adr˜A. Addi-
tionally, concerning the temperature of the universe flu-
ids, we assume it to be the same due to the establishment
of equilibrium. Dividing (8),(9) by dt we acquire
S˙DE =
1
T
(
PDE 4pir˜
2
A
˙˜rA + E˙DE
)
(10)
S˙m =
1
T
(
Pm 4pir˜
2
A
˙˜rA + E˙m
)
, (11)
where
˙˜rA = −H˙r˜
2
A, (12)
as it easily arises differentiating (6).
In order to connect the thermodynamical quantities Ei
and Pi, with the cosmological ρi and pi ones, we straight-
forwardly use
EDE =
4pi
3
r˜3AρDE (13)
Em =
4pi
3
r˜3Aρm. (14)
Inserting the time-derivatives of (13),(14), into (10),(11)
and using (5), we obtain:
S˙DE =
1
T
(1 + wDE) ρDE 4pir˜
2
A
(
˙˜rA −Hr˜A
)
(15)
S˙m =
1
T
(1 + wm) ρm 4pir˜
2
A
(
˙˜rA −Hr˜A
)
. (16)
These expressions provide the entropy time-variation for
the universe interior.
We now proceed to the calculation of the entropy
time-variation for the universe horizon. As we men-
tioned in the introduction, according to the “gravity-
thermodynamics” conjecture the temperature and en-
tropy of the horizon will be given by the corresponding
quantities of black-hole thermodynamics, but with the
apparent horizon in place of the black-hole one. The
horizon temperature will thus be simply [2, 6]
Th =
1
2pir˜A
. (17)
Concerning the horizon entropy, the standard choice
is to use the Bekenstein-Hawking entropy [2, 6] Sh =
4pir˜2A/(4G). However, in the present work we will in-
stead apply the Barrow black-hole entropy (1), with the
standard horizon area being A = 4pir˜2A. Therefore, we
obtain
Sh = γr˜
2(∆+1)
A , (18)
3with γ ≡ (4pi/A0)
∆+1
. Finally, a crucial assumption
in the “gravity-thermodynamics” conjecture is that af-
ter equilibrium establishes the universe fluids acquire the
same temperature with the horizon one, otherwise the
energy flow would deform this geometry [43] (in order
to avoid applying non-equilibrium thermodynamics the
assumption of equilibrium is widely used [4–7, 14, 43]).
Therefore, we can equate Th in (17) with T in (15),(16).
Lastly, differentiating (18) we obtain
S˙h = 2(∆+ 1)γr˜
2∆+1
A
˙˜rA. (19)
We can now calculate the total entropy time-variation.
Adding relations (15),(16) and (19), and replacing T
through (17), we find:
S˙tot ≡ S˙DE + S˙m + S˙h
= 8pi2r˜3A
(
˙˜rA −Hr˜A
) [
(1+wDE)ρDE + (1+wm)ρm
]
+2(∆+ 1)γr˜2∆+1A
˙˜rA. (20)
Hence, substituting ˙˜rA from (12), knowing that r˜A =
H−1, and using the two Friedmann equations (3),(4), we
easily find
S˙tot =
2pi
G
H−5H˙
{
H˙ +H2
[
1−
γG
pi
(∆ + 1)H−∆
]}
.
(21)
Let us now examine the sign of (21). In the case where
the Barrow exponent takes its standard value ∆ = 0, i.e.
in the case of usual black-hole thermodynamics, we have
S˙tot|∆=0 =
2pi
G
H−5H˙2 ≥ 0, (22)
since in this case γ ≡ (4pi/A0) = pi/G (in units where
~ = kB = c = 1). As expected, S˙tot|∆=0 ≥ 0 and thus the
generalized second law of thermodynamic is always valid
in a universe filled with matter and dark energy sectors
and governed by general relativity (note that the limiting
result S˙tot|∆=0 = 0 is obtained for the de Sitter universe).
However, interestingly enough, in the case where
the Barrow exponent is non-zero, i.e. the quantum-
gravitational effects on the entropy switch on, the total
entropy is not necessarily a non-decreasing function of
time, and hence the generalized second law can be vio-
lated. The reason is the following.
In the case of standard Bekenstein-Hawking universe
thermodynamics, S˙h has always the necessary value in
order to bring S˙tot to non-negative values. In particular,
for H˙ < 0, i.e. in the case where the universe fluids sat-
isfy the null energy condition in total, we have S˙h > 0
and thus it leads to S˙tot ≥ 0 even if the universe fluids
have S˙DE + S˙m < 0, while in the case H˙ > 0, i.e for
the violation of the total null energy condition, where
S˙h < 0 we have S˙DE + S˙m > 0 always in a sufficient
amount to make S˙tot ≥ 0. However, in the case where
Barrow entropy is used the horizon contributes with a
changed S˙h, which does not satisfy the aforementioned
conditions anymore (in the case where it is positive it is
not always sufficiently positive to counterbalance cases
where S˙DE + S˙m < 0, while in the case where it is neg-
ative it is not always sufficiently close to zero in order
to be counterbalanced by the S˙DE + S˙m > 0). There-
fore, the use of the extended, Barrow entropy, leads to
the conditional violation of the generalized second law of
thermodynamics, depending on the universe evolution.
III. CONCLUSIONS
In this work we investigated the validity of the gener-
alized second law of thermodynamics, but using for the
horizon entropy the Barrow one. Specifically, Barrow en-
tropy arises from the fact that the black-hole surface may
be deformed due to quantum-gravitational effects, and its
deviation from Bekenstein-Hawking one is quantified by
a new exponent ∆.
We calculated the entropy time-variation in a universe
filled with the matter and dark energy fluids, as well as
the corresponding quantity for the apparent horizon. As
we showed, although in the case ∆ = 0, which corre-
sponds to usual entropy, the sum of the entropy enclosed
by the apparent horizon plus the entropy of the horizon
itself is always a non-decreasing function of time and thus
the generalized second law of thermodynamics is valid, in
the case where quantum-gravitational corrections switch
on this is not true anymore. Hence, the generalized sec-
ond law of thermodynamics may be conditionally vio-
lated, depending on the universe evolution.
It would be interesting to investigate whether the
above result remains valid in the case of various gravi-
tational modifications instead of general relativity, and
whether the known violations of the generalized second
law in modified gravity may be eliminated using Barrow
entropy. These studies lie beyond the scope of the present
work and are left for future projects.
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